Abstract. Rheochaos is a remarkable phenomenon of nematic (rigid-rod) polymers in steady shear, with sustained chaotic fluctuations of the orientational distribution of the rod ensemble. For monodomain dynamics, imposing spatial homogeneity and linear shear, rheochaos is a hallmark prediction of the Doi-Hess theory [M. Doi, J. Polym. Sci. Polym. Phys. Ed., 19 (1981), pp. 229-243; M. Doi and S. F. Edwards, The Theory of Polymer Dynamics, Oxford University Press, London, New York, 1986; S. Hess, Z. Naturforsch., 31 (1976), pp. 1034-1037. The model behavior is robust, captured by second-moment tensor approximations [G. Rienäcker, M. Kröger, and S. Hess, Phys. Rev. E (3), 66 (2002) Lett., 92 (2004), 188301] with a second-moment tensor model and imposed simple shear; and a two-dimensional (2D) study [A. Furukawa and A. Onuki, Phys. D, 205 (2005), pp. 195-206] with a second-moment tensor model and flow feedback. Here we stage the micro-macro (Smoluchowski and Navier-Stokes) system so that monodomain rheochaos is embedded in a 1D simulation [R. Zhou, M. G. Forest, and Q. Wang, Multiscale Model. Simul., 3 (2005), pp. 853-870] of a planar shear cell experiment with distortional elasticity. Longtime simulations reveal (i) heterogeneous rheochaos marked by chaotic time series in the PDF, normal and shear stresses, and velocity field at each interior gap height; (ii) coherent spatial morphology in the PDF and stress profiles across the shear gap and weakly nonlinear shear bands in each snapshot; and (iii) consistency between heterogeneous and monodomain rheochaos as measured by Lyapunov exponents and pointwise orbits of the peak orientation of the PDF but with enhancement rather than reduction in Lyapunov exponent values in the flow coupled, heterogeneous system. 
kinetic theory to a mesoscopic theory remains to be written. The key extension of the Doi-Hess-Marrucci-Greco theory beyond the Leslie-Ericksen-Frank theory is in the self-consistent coupling of short-range excluded volume interactions and in the kinetic description of the PDF whose peak axis of orientation yields the coarse-grained liquid crystal director. Several other groups (cf. the works of Rey, Leal, Feng, Denn and collaborators, and more recently Helzel and Otto, Klein and Garcia-Cervera, et al., and Zhang's group at Peking University) have built numerical codes for the hydrodynamics of nematic polymers in shear cells [56, 42, 53, 34, 39, 60] .
Our purpose here is not to explore the diversity of space-time attractors, nor is it to explore a wide range of parameter space. Rather, our purpose is to highlight behavior in the parameter regime of the Doi-Hess-Marrucci-Greco model where monodomain rheochaos couples with anchoring-induced gradient morphology and to explore whether spatial degrees of freedom and flow feedback are sufficient to arrest the chaotic orbits of the decoupled Smoluchowski equation. From detailed studies of monodomain phase diagrams [20, 24, 23] and the robustness of regular and chaotic orbits to imposed shear rate fluctuations [33] , there is reason to anticipate robustness of erratic orientational dynamics in the presence of local spatial variations in shear rate. But these results, while suggestive, are within the one-way coupling in which an imposed linear flow drives the Smoluchowski dynamics of the rod ensemble, without spatial gradients or hydrodynamic feedback. Since we discretize space with a finite difference method, one can make the analogy of our numerical model with a "Smoluchowski chain," consisting of a finite chain of Smoluchowski oscillators which are coupled both with one another through the elasticity potential and with the driven fluid bath in which they reside.
With this backdrop, we design simulations to investigate how chaotic longwave dynamics injects energy from plate motion into morphology of the molecular orientational distribution, stored stresses, and flow (shear banding) and how this space-time model system saturates after sufficiently long times. We are interested in whether spatial degrees of freedom are sufficient to arrest the chaotic time series of the PDF and, if not, whether the flow inherits the chaotic dynamics; second, we are interested in whether the spatial degrees of freedom are localized in "coherent structures" or broad-banded (and thereby also chaotic).
A strained analogy exists with the theoretical and experimental work on sheared wormlike micellar solutions [5, 28, 50, 4, 16, 14, 44] , where order-disorder transitions of the micelles correlate with nonlinear shear banding. The micelles are analogous to the local (micron-size) monodomains of rod ensembles, and focusing-defocusing dynamics of the PDF in our simulations are toy models of the micellar shape fluctuations. The second-moment tensor of the PDF is geometrically equivalent to a triaxial ellipsoid (with distinct semimajor axes but whose sum is fixed), and so the analogy is of micelles which are allowed to vary within isotropic conformations (spheres) and triaxial ellipsoids and of shear banding which correlates with the micelle fluctuations. Our model system of rigid-rod macromolecular dispersions is shown below to indeed generate shear bands which correlate with the focusing and defocusing and principal axis distortions of the PDF. As noted, we allow only spatial morphology in the velocity gradient direction spanning the plate gap. The study of two-dimensional (2D) spatial structure in the flow and orientation distribution has been carried out with second-moment closure models for the orientational distribution [53, 39, 27] , which is a mesoscopic-macroscopic simulation, as well as a microscopic Smoluchowski integration coupled with the macroscopic Stokes equation [34, 60] or Navier-Stokes equation [26] . It is a topic of future interest to apply our 2D Smoluchowski-Navier-Stokes code to explore the stability of the results presented here to higher-dimensional perturbations.
Several recent review articles are suggested for further reading on this subject [8, 38, 40] .
One-dimensional (1D)
Smoluchowski-Navier-Stokes model. We consider nematic (rigid-rod) suspensions between two parallel plates which move at the same speed in opposite directions. Let f (m, x, t) be the orientational probability distribution function for a given rod to have axis of symmetry m on the unit sphere. The Smoluchowski equation with flow field v is written in the internal time scale of the pure nematic liquid, t =tD r , wheret is the laboratory time, and D r is the average rotational diffusivity of the nematic liquid:
where D/Dt = ∂/∂t+v·∇, R = m× ∂ ∂m is the rotational gradient operator, D and Ω are the dimensionless rate-of-strain and vorticity tensors, respectively, and a = r 2 −1 r 2 +1 , where r is the rod aspect ratio (the rod is a spheroid which has a well-defined aspect ratio). The Doi-Marrucci-Greco potential is
mm, where N is a dimensionless rod volume fraction which governs the strength of shortrange excluded volume interactions, and θ > 0 measures elastic anisotropy, which is positive for the rod-like dispersions considered here and corresponds in the LeslieEricksen limit to the rod ordering of elastic constants, with bend constant greater than the splay and twist constants. The Ericksen number
2 is the key distortional elasticity parameter, where 2h is the gap height, and L is the persistence length (or strength) of distortional elasticity. The rank 2 tensor M is the second moment of f ,
The eigenvectors n i , i = 1, 2, 3, of M are the nematic directors, with corresponding ordered eigenvalues 0
are called the Flory and biaxiality order parameters, respectively, indicating relative degrees of orientation along the director axes. The peak axis of orientation, n 1 , is called the major director, whose dynamics is a standard measure of unsteady orientational distributions in shear flows.
We label x the flow direction, y the flow-gradient direction, and z the vorticity axis. In this paper, we neglect the variations in the flow direction and the vorticity direction. Only the structure along the flow-gradient direction is considered. The polar angle θ (measured from the vorticity axis) and azimuthal angle φ (measured from the positive x axis) of the major director n 1 yield (2.4) n 1 = (sin θ cos φ, sin θ sin φ, cos θ).
The nondimensional plate speed is determined by the Deborah number De = v0 h Dr , which is the gap shear rate normalized by the molecular relaxation rate D r , ±v 0 are the physical plate speeds, and 2h is the gap width.
The dimensionless forms of the balance of linear momentum, the continuity equation, and the stress constitutive equation are
, where
μ 3 (a) is the shape dependent viscosity parameter (whose reciprocal is the effective Reynolds number of the dispersion with solvent and dispersion contributions), μ 1 and μ 2 are two other flow-nematic dimensionless viscosity parameters, and α = 3νkT /τ 0 (ν is the number density of nematic molecules, k the Boltzmann constant, and T the absolute temperature) measures the relative strength of entropic fluctuations of the rod macromolecules.
We choose a very high rod aspect ratio so that a ≈ 1. From [20, 24] , we choose excluded volume and flow parameters that resonate monodomain rheochaos (for imposed simple shear): N = 5.2 (∼ 1% volume fraction of nematogens of diameter 2 nm and length 200 nm) and De = 4.04 (the chaotic range is 2.69 < De < 4.10). In the coupled flow-nematic system, the distortional elasticity determines the steady versus dynamic response as well as the plate anchoring conditions. For sufficiently low Er, the liquid stores all stresses generated by plate motion in a steady state structure [19, 7] . At some critical Er, a transition to dynamic structure evolution arises [57, 42, 25] . We present results for Er = 500, chosen to illustrate long-time behavior which retains rheochaos across the gap in the presence of spatial morphology that can be resolved with our present algorithm [64] . Parameter sweeps are numerically prohibitive, especially at higher Er, for multiple reasons: length scales of morphology diminish with some inverse power of the Ericksen number [43, 53, 19, 7] , including sharp boundary layers near defects which are not a priori known; this leads to a very small CFL condition for numerical stability, and yet one still must simulate for long times to get trustworthy time series. We further choose μ 3 = 0.1, μ 1 = 0.0004, μ 2 = 0.15, α = 2, θ = 0.5, corresponding to nominal values of a rod-like nematic polymer dispersion. The simulations reported here are restricted to this one parameter set, with longtime numerical integration and spatial resolution, followed by postprocessing of the data for imaging, time series analysis, and spatial decomposition.
Remarks on boundary anchoring conditions. At the plates, we posit that the nematic liquid achieves an equilibrium set by the excluded volume potential; this im-plies that rest states prior to flow are homogeneous. Wall conditions could be modified dramatically due to chemical interactions with the plates, which would then establish a morphology in rest states that depends on how different the plate conditions are with respect to one another and the interior rest equilibria. Mismatch boundary conditions have been explored [62] with second-moment models, but not here, since we want to isolate the spatial features due only to interior chaotic dynamics and a pure equilibrium anchoring condition. Thus, prior to onset of the plates, the nematic liquid is assumed to be in a uniform, uniaxial nematic equilibrium. The equilibrium order parameters are s = 0.75, β = 0 for a normalized concentration N = 5.2. Recall that nematic equilibria are rotationally invariant, in that the peak orientation of the PDF is arbitrary. The wall anchoring condition on the PDF selects this peak direction, which then breaks the degeneracy across the entire gap, and so the initial data is uniquely specified. In these simulations, we fix a "tilted" anchoring condition on n 1 : θ = φ = 60
• , which is chosen to stimulate out-of-plane behavior. We note that in-plane anchoring conditions (θ = π 2 ) will suppress out-of-plane behavior and can lead to arrest of chaotic behavior in layers buffering the plates. The penetration depth of the plate layers is sensitive to anchoring conditions as well as the subsequent flow feedback behavior in the velocity field. These sensitivities are important and worth further study but also will not be explored here. All of these sensitivities are compounded by the application of second-moment closure models, which is the primary motivation for our investment in a resolved Smoluchowski equation solver with full coupling to the Navier-Stokes flow equation.
Remarks on the numerical method and model parameters. Our numerical method is detailed in [64] . To summarize, we expand the PDF in spherical harmonics up to order L = 10 (equivalently, 65 real degrees of freedom), with y and t dependent amplitudes, which converts the Smoluchowski equation into a system of PDEs for the amplitude functions, which are of nonlinear reaction-diffusion type. The spatial derivatives are then discretized using standard fourth-order finite differences, and a large system of temporal ODEs is produced from the method of lines. Finally, we numerically integrate the ODE system with a spectral deferred correction algorithm [11, 31] that provides fourth-order accuracy.
3. Monodomain rheochaos in the longwave, flow-imposed limit. To lay a baseline for the heterogeneous simulations, we recall statistical properties associated with monodomain rheochaos [30, 20] . This simulation is the longwave limit, corresponding to a reduction imposed by a homogeneous PDF, no flow feedback (simple linear flow and a homogeneous PDF yield automatic solution of the Navier-Stokes flow equation), and no influence of the plate anchoring conditions (the PDF is uniform in space). A simple shear flow is imposed, v x (y) ≡ 4.04y, with Deborah number De = 4.04 which lies within the chaotic window documented in [20] . The data from the first 20,000 time units are discarded so that data reported are safely on the apparent chaotic attractor. Figure 1 shows the orbit of the major director n 1 (M(f )), the peak axis of the PDF, in the next 10,000 time units. These results are postprocessed from the full resolved simulations, which involves projection of the PDF onto the first five complex spherical harmonics, which determines the second-moment tensor M of the PDF, and then computation of the eigenvalues and eigenvectors of the rank 2, second-moment tensor. The director orbit shown in Figure 1 clearly jumps between the LarsonOttinger kayaking state (K 1 , where the director rotates about the vorticity axis) and the pair of tilted kayaking states (K ± 2 , where the director rotates about an axis tilted between the vorticity axis and the shear plane). This orbit presents a Bernoulli shift on three symbols, the symmetric kayaking orbit and the twin pair of reflection-symmetric tilted kayaking orbits.
In Figure 2 we compute the stretching factor versus the embedding dimension and the leading Lyapunov exponent (the slope of the stretching factor) of the PDF time series to quantify the apparent chaos depicted in the director orbit. To make contact with Grosso et al. [30] , we use the same software TISEAN [32] . It is clearly seen that, before the saturation at about 200 iterations and for embedding dimension m ≥ 4, the stretching factor is almost linear. The least squares fit gives a positive slope about 0.016, which determines the leading Lyapunov exponent, whose positivity confirms the chaotic behavior of the orbit. This solution of the Smoluchowski equation, representative of homogeneous monodomain rheochaos, is now injected into a heterogeneous simulation by retaining the same volume fraction N (strength of the excluded volume potential) and the same bulk plate-imposed Deborah number De by controlled velocities of top and bottom plates. However, now we impose an anchoring condition on the PDF at each plate together with no-slip on velocity. This leads to spatial conflict between the midgap propensity toward bulk rheochaos shown here and steady PDF anchoring at the plates. This PDF gradient morphology then creates stress gradients which couple back to flow, whose outcome we turn to now.
Persistence of rheochaos with heterogeneity and flow coupling.
We turn now to the flow-PDF structure simulation which releases the longwave limit imposed in the above monodomain simulation. We use 401 uniform grid points across the plate gap, which are chosen to safely resolve all spatial structures. A fixed time step 2 · 10 −3 is used in the integration scheme, which corresponds to 500 time steps per unit of molecular relaxation. The data is recorded every 0.1 time unit (50 time steps). We discard the first 2500 time units (over 10 6 time steps) to allow saturation onto the attractor and then store the next 1500 time steps for the postprocessing data analysis and figures to follow. Figure 4 depicts the orbit of the major director at nine different gap locations (y = 0.0 indicates the gap center, while y = 1.0 is the top plate). At interior locations y = 0.0, 0.14, 0.26, one finds chaotic orbits typical of sheared monodomains [52, 18, 30, 20, 51] as shown in Figure 1 . The major director exhibits a random jump between a kayaking limit cycle (K 1 ) (where n 1 oscillates around the vorticity axis) and a symmetric pair of tilted kayaking orbits (K ± 2 ) (where n 1 oscillates around an axis tilted between the vorticity axis and shearing (x-y) plane). At y = 0.62, closer to the top plate, the orbit traced by the peak of the PDF jumps between "tilted kayaking" limit cycles that surround a direction that lies between the vorticity axis and shear plane. Closer to the plates, at y = 0.74, 0.86, the orbits cover a small region surrounding one tilted kayaking limit cycle, with axis of symmetry close to the flow direction. There is a thin boundary layer in which the PDF sharply transitions (compare orbits at y = 0.86 and y = 0.98) to the plate anchoring condition.
Next, we compute the leading Lyapunov exponent of the PDF time series at different gap heights to quantify the apparent chaos depicted in the major director. The result is shown in Figure 5 . The leading exponent is positive everywhere across the interior of the gap, which confirms chaotic behavior in the entire interior of the gap. Remarkably, rather than reduce the exponent as one might intuitively expect, the coupling with hydrodynamics yields greater Lyapunov exponents at each interior grid point than the monodomain limit. Figure 6 shows apparently chaotic time series of the polar angle θ, the azimuthal angle φ of the major director, and the birefringence order parameter s at six different gap heights: y = 0.98, 0.78, 0.58, 0.38, 0.18, 0.0. Near the plate (y ≈ 1), the amplitude of the oscillation is relatively small. Yet, at all gap heights shown, all quantities show erratic fluctuations. Further evidence appears in Figure 7 , showing time series of the first normal stress difference N 1 = τ xx − τ yy (left), second normal stress difference N 2 = τ yy − τ zz (middle), and shear stress τ xy (right) at the same gap heights. These erratic stress fluctuations are the basis for the term "rheological chaos."
We thus confirm results in [6] on the persistence of chaotic time series coupled with structure in confined plate gap simulations. Our simulations generalize [6] in two significant directions: from a second-moment orientation tensor (five components) to 65 component resolution of the PDF; and from imposed simple shear flow to full hydrodynamic coupling. These Navier-Stokes and Smoluchowski coupled simulations, followed by postprocessing of the dynamical data, show that (i) orientational chaos persists in the presence of PDF gradients and with hydrodynamic coupling; and (ii) the velocity field also exhibits irregular fluctuations in the interior of the cell. 
Space-time surface and level contours of PDF, stress, and flow.
We now present the time evolution of gap structures through surface and contour plots of the PDF, stress, and flow field. In this subsection, we focus on the combined space-time pictures, beginning with features of the PDF.
Recall that the Flory order parameter s is a scalar feature of the orientational distribution which conveys "shape deformations" of the PDF through the difference between the leading two principal eigenvalues of the second-moment tensor. Large values of s correspond to focusing of the rod ensemble along the major director, whereas values approaching s = 0 reflect a defocusing of the ensemble. The extreme value s = 0 corresponds to a degenerate phase, called a defect, where the principal axis of orientation is a linear space of dimension at least 2. These isotropic defect structures have no analogue in the Leslie-Ericksen-Frank (LEF) theory typically applied to small molecule liquid crystals. We note for the nonexpert that in nematic polymers where the rods are significantly larger than in liquid crystals, the phenomenon of defects is richer. LEF models posit a unique director and assume s ∼ 1 so that the PDF is a Dirac distribution localized around the distinguished director. In LEF theory, defects are necessarily "nematic" in nature, associated with the winding number (geometric invariants) of the director field. A key distinction is that LEF defects are permanent and cannot "escape" dynamically through order parameter degrees of freedom in the PDF. These director defects of LEF theory are captured by the Doi-Hess PDF theory, corresponding to director-dominated distortions where the order parameter s remains bounded far away from 0. These director defects are not detectable in one dimension, since one cannot discuss a closed space curve or surface. However, disordered isotropic defect structures are possible even in homogeneous monodomains. We have shown in monodomain simulations that transient isotropic defect events indeed occur in chaotic attractors [20] ; that is, they are local time events. We refer the reader to Sonnet, Killian, and Hess [54] for an amplified discussion of the alignment tensor versus director description. We monitor the persistence of isotropic defect events in the next figures, with the observation that they are local in time and space. row); surfaces are given on the left and their projection onto level set contours on the right. The blowup highlights intermittent isotropic defect events, local in space and time, in which the order parameter s spikes toward 0. These defect cores (one on each side of the gap) spawn, intensify, propagate, weaken, and then "melt" during this 100 time unit span; clearly they are not permanent structures, quite distinct from winding number "nematic defects" which exist only in higher space dimensions.
The spatio-temporal structure of the polar angle (θ) of the major director n 1 is shown in Figure 9 , where 0
• corresponds to vorticity alignment and 90
• corresponds to in-plane orientation. The polar angle reflects transitions of the PDF peak direction in and out of the shear plane, which are remarkably correlated with the isotropic defect events by comparison with Figure 8 . The erratic dynamic fluctuations in s and θ, observed in time series earlier, are evident in these figures if one fixes attention to one gap height; yet in any snapshot, there is relative smoothness in the order parameter and polar angle spatial variations. We return to these spatial snapshot features shortly. The rheological stress features of N 1 (y, t), N 2 (y, t), and τ xy (y, t) are shown in Figure 10 . The first and second normal stress differences also show complex dynamics and spatial gradient structure, which are also correlated with the isotropic defect events and in-plane/out-of-plane director transitions. (Note the absolute values of N 2 range below .05 so that the surface plot exaggerates the gradients.) The shear stress is relatively tame, exhibiting intriguing shear thinning and thickening events which are nearly spatially uniform. Figure 11 shows surface plots of the primary velocity v x and the local Deborah number (normalized velocity gradient)
The primary velocity is a weakly nonlinear shear structure across the gap, with mild dynamic fluctuations of the full gap profile. There is clear evidence of shear banding but nowhere near the strong shear bands observed in mesoscopic secondmoment tensor models (cf. [42, 63] ). The most vivid non-Newtonian flow feedback is captured by the local Deborah number. We recall from [21, 23] that an imposed Figure 11 (right), fluctuates significantly at each gap height, and varies across the gap in each snapshot, so that selection mechanisms for local monodomain phases involve previous history and spatial correlations. The role of spatial gradients in biasing the likelihood statistics when there are multiple monodomain attractors [61] has not been explored in any systematic way. Figure 12 further shows irregular velocity (left) and local Deborah number (right) time series at each fixed gap height (same heights as in Figure 6 and Figure 7) , except the symmetry-constrained zero velocity at the midgap. These results show significant flow feedback, and thereby strong momentum and energy transfer between the solvent and rod ensemble. This flow feedback behavior suggests caution should be taken in application of models with an imposed simple shear flow in the presence of chaotic orientational dynamics. Note the local Deborah number exhibits strong amplitude fluctuations even close to the plates.
Flow time series.
Near each plate, for |y| between 0.9 and 1, there is a robust gradient layer with small dynamic fluctuations, even though De loc is inside the chaotic range for sheared monodomains (fluctuating between 1.9 and 2.6; see Figure 12 , top right). This behavior suggests the extended influence of confined wall anchoring to penetrate well into the shear gap and arrest dynamic tumbling and kayaking dynamics, confirmed by the y = 0.98 (near wall) director time series of We turn now to a detailed amplification of the spatial features across the plate gap to complement the dynamical signatures of temporal chaos.
Heterogeneous rheochaos:
Evidence for spatial coherence. Figure 13 gives four snapshots of the structure in the half-gap 0 ≤ y ≤ 1 of the velocity v x , local Deborah number De loc , order parameter s, polar angle of the major director θ, first normal stress difference N 1 , and the shear stress τ xy . Each scalar structure varies significantly across the four snapshots, yet each spatial profile is relatively smooth, providing evidence for spatial coherence. Figure 14 presents time averages of all properties shown in Figure 13 over the time interval [2500, 4000], which gives some intuition for the mean spatial structure in the PDF, flow, and stress. The mean velocity structure has a localized boundary layer at each plate and then a slightly modulated linear profile across the gap. The modulations of v x are described by the mean local Deborah number (velocity gradi- ent), which shows the plate layer where the flow accelerates, and then decelerates in the midgap, with the overall average De matching the plate-imposed mean value 4.04. The order parameter structure shows that on average the PDF defocuses away from the plates, with spatial variations on shorter length scales than the flow and director structures. The first normal stress difference is negative at the plates, nearly zero in the midgap, and then exhibits an overshoot-undershoot phenomenon in between. The shear stress varies least among all flow-PDF features, with strongest average shear stress at the midgap.
Concluding remarks.
We have presented results of a coupled microscopic (Doi-Hess kinetic theory) and macroscopic (1D Navier-Stokes) simulation of rigidrod macromolecular dispersions, at parameter values where the longwave dynamics is chaotic. The main goal is to ascertain how monodomain rheochaos saturates in the presence of both heterogeneity (gradient elasticity) of the PDF and hydrodynamic feedback. All statistical features (time series, Lyapunov exponents, graphical orbits) indicate classical signatures of chaotic intermittency at each interior gap height so that chaotic dynamics persists in the flow-PDF space-time system. Indeed, the velocity time series appears to inherit the chaotic behavior, and the leading Lyapunov exponents across the gap of the coupled flow-PDF system are greater than the monodomain leading Lyapunov exponent. If anything, flow coupling and distortional elasticity have enhanced the traditional signatures of rheochaos! The next important question addressed relates to the spatial structures which form across the gap in the presence of chaotic dynamics. Recall that the PDF structures are necessarily generated due to plate anchoring of the PDF which is in conflict with interior dynamic fluctuations, and then these PDF gradients induce stress gradients which provide feedback to generate nonlinear flow perturbations to the plateimposed simple shear profile. We find coherent spatial profiles in both the PDF and the flow at each snapshot, with no evidence for spatial chaos at these parameter values. Overall, these numerical results of the full kinetic-flow equations predict that nematic polymer suspensions driven by steady planar shear cells will exhibit persistent orientational and rheological chaos in a large interior cell layer, even with the inclusion of spatial heterogeneity and non-Newtonian hydrodynamic feedback. This prediction is consistent with the experimental observations of Berry and collaborators and with Berry's private communications [55] .
These results are furthermore consistent with the 2D second-moment orientation tensor plus flow simulations of [27] but do not confirm the mesoscopic tensor 1D results with imposed flow reported by [6] . Whether this discrepancy is due to failure to allow flow coupling, due to a completely different Ericksen number regime, or due to an extremely large plate gap is not known, and the details are not discernible from this short letter [6] . The persistence of these chaotic statistical features with laminar spatial morphology in higher-dimensional spatial simulations remains for future study with the aid of our recently documented 2D Navier-Stokes-Smoluchowski algorithm [26] . We note that reduced-order modeling with the aid of second-moment Landau-de Gennes models has thus far reproduced all specific attractors determined from highly resolved kinetic simulations. We anticipate that the same low-order modeling of spatio-temporal attractors is possible, with the proviso that the parameters in the reduced-order model have to be adjusted to match the resolved system. This identification between attractors of the flow-nematic kinetic and moment-closure systems will play a vital role in numerical exploration of the large parameter space.
